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Abstract : Resource allocation aspects are considered in cases of
random contention for M identical resources from k statistically diffe-
rent customer types. In particular attention is focuced on sharing band-
width among customer classes within the ISDN framework or allocating
packets in a buffer before a multiserver system. These two problems can
be commonly formulated as will be showed in this article.

The general problem is to determine the optimal policy for accept-
ing or rejecting a call when the type of the requesting customer is known
as well as the state vector with components the numbers of customers of
each type that are in service. The optimal choice of buffer size and
bandwidth is involved in the design of service facility as well as the
rules of sharing resources among users.

The objective of this study is to develop analytical models and
computational algorithms for the determination of the state subset with
better performance for slotted time systems with call traffic modeled as
stationary independent arrival processes and with service time modeled
as a general discrete time distribution. The parameters optimized are

the ones generally accepted as throughput, utilization and blocking of
the system.
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The term policy is usually reffered to the determination of the
acceptable states of the system or in other words the operation of ac-
cepting or rejecting a call when the type of requesting customer is known
as well as the system state characterized by the allocation policy. The
state is a vector with components the numbers of customers of each type
that are in service.

1. INTRODUCTION

Buffer allocation for three or more packet classes that are going
to be served by a multiprocessor machine and sharing bandwidth among
several packet types, especially but not only within the ISDN frame-
work, are under consideration in this study. The aspect of a limited
number of resources that are shared among several customer or packet
classes, is a well known problem in the area of computer communications
and ISDN, as well as in concurrent and decentralized computer systems.
Examples of such situations are numbered following : a) A number of user
types try to get access to a host. There is an upper limit to the number
of virtual circuits that can terminate to the host, b) k types of jobs
are looking forward to be served by a limited number of processors in a
multiprocessor machine or in a computer network [2], c) several types of
Customers contending to set up virtual circuits through a limited band-
width channel in an ISDN [8], d) in some cases a memory of limited size .
is chared among some packet types within a computer communication net-
work [1],[41,[51,[6]. Especially in an ISDN framework communities of
data, voice and video packets share a common memory before they get
served by any server.

Several articles presented in the literature considering similar
problems of buffer and bandwidth allocation, £13,[771,087,[9]. The usual
goal of such studies is the determination of the optimal policy for a
specific allocation scheme or the choise of the better policy among
several of them, and the development of computational methods for that
determination or choise.

2. THE MATHEMATICAL MODEL

Consider a multiserver system with a common waiting area including



A.S. Drigas, E.N. Protonotarios

a total accomodation of N storage places. This buffer is shared among
three packet classes.

M
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g WAITING . -

Ay Q ROOM -

Fig. 1. Multiserver system with common waiting room.

Each packet from one type is going to be served with a first
come first served policy. The service time for any customer type is not
constant and is modeled as a general discrete time distribution. So the
number of customers that are going to be served in a time slot ranges
from 0 to Z. where Z is the number of servers. ugi) express the depar-
ture distribution probabilities for 1st class of packets, ugl)-is the
probability one packet of 1st class to dgpart, U§Z) is the probability Z
packets of 1st class to depart. Also A§1 express the arrival distribu-
tion probabilities for 1lst class gackets, A§ 0) is the probability no
packet of 1st type to arrive, Ag is the probability s packets of 1st
type to arrive, and is also modeled as a general discrete time distribu-

tion. The same holds for the other packet types. Aé ), A§1)

are the ar-
rival distribution probabilities for 2nd and 3rd packet types as well

as ué ), u§1) are the departure distribution probabilities respectively.

Accordinly, for the bandwidth allocation problem, N is the band-
width capacity, ugi) express the probability under which we receive i
call clear packets from j packet class or better 1 call clear packet from
J packet class which terminate a virtual circuit that used i units of
bandwidth capacity, and finally A§i) express the probability to receive
i call set up packets from j packet type.

When a packet requests for service at its arrival, or in terms of
bandwidth allocation problem, a call accepted or rejected according to
the policy and the number of each packet type that there is already in
the waiting room, or the virtual circuits that are already in action. We
denote Ql(tn)==n1, Qz(tq) =Ny, 03(tn) =n3 the number of each packet type
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that are waiting for service or V.C. in action, at the beginning of the
tn slot. And that is what we call a policy now. A policy is the deci-
-sion to accept or reject a call, when Ql(tn), Qz(tn), Q3(tn) is known as
well as the identity of the requesting packet. Also with no loss of gen-
erality we can assume that the arrivals of packets or call set up
packets for buffer or bandwidth allocation problems respectively, at
each time slot, take place exactly at the end of the slot. At the begin-
ing of each time slot the multiserver system chooses by chance one of
the waiting packet types and serves a number of it's population according
to the probability distribution duriﬁg the slot. In the bandwidth alloca-
tion problem that means that we make the assumption that in each time
slot we could receive call clear packet only from one type. That assump-
tion is a close approximation to the reality if we choose short enough
time slots.

We can observe that any state of the system, (exept when the sto-
rage place or bandwidth is full) comes from another minus one or some
packets of any type. As a result we understand that any policy must be
a coordinate convex set of admissible states, as originally stated by
Aein [3].

3. CALCULATION OF THE STATE TRANSITION PROBABILITIES
3.1. Possible transitions

Let's begin from the case that one packet of a type could arrive
at max in a slot, in a two server system. Considering the state (nl,nz,
n3) lying in the interior of the state space in R3, there are 32 states
from which could happen transitions in to it, that are figured in fig. 2
and are :

I) No new arrivals, with service completion of packets of a type
from 0 to 2, [transitions from ("1’"2’"3)’ (“1’“2’"3+1)’ ("1’"2’"3+2)’
(nyanptlang),(ngany+2,n3), (ni+l,n,,n5), (ng+2,n,,n5)1.

IT) Arrival of one packet of any type with service completion of a or
more packets of any of other types, [transitions from (n1+1,n2-1,n3),
(n1+1’n29n3'1)’ (n1+29n2f19n3)s (n1+23n2sn3'1)9 (n1'13n2+1sn3)s
(n13n2+19n3‘1)’.(n1'13n2f23n3)3 (n1:n2+2:n3'1)9 (n1'19n29n3+1)s
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(nl,nz-l,n3+1), (nl-l,nz,n3+2), (nl,nz-l,n3+2)].

III)  Arrival of one packet of any type with service completion of a or
more packets of the same type, [transitions from (nl,nz,n3),(n1-1,n2,n3),
(nlsn2'13n3)9 (nlsnz:n3'1)]-

V) Arrival of one packet of any type with no service completion of
any packet, [transitions from (nl-l,nz,n3), (nl,nz-l,n3), (nl,nz,n3-1)].

V) Arrival of two packets of any two types with no service completion
of any packet, [transitions from (nl-l,nz-l,n3), (n1-1,n2,n3-1),
(nl,nz—lgns-l)]-

VI) Arrival of two packets of any two types, with service completion

of a or two packests of the third type, [transitions from (nl-l,nz-l,n3+1),
(n ni- -1, n2 1,n +2), (n1 1 n2+1 n,-1), (n -1 n2+2 aN3- 1), (n1+1,n2-1,n3-1),

(n +2, n, 1)]

VII) Arrival of two packets of any two types with service completion
of one or two packets of one of these two types, [transitipns from -

( 1 -1 n23n3)9 ( -1 n2+1 n3), (nlanz 1 n3), (n1+1:n2'1:n3): (nl’n29n3'1)s
(n1+1 sNoaNg -1), ( -1, sNosNa +1), (n nysNytl, n3-1), (nl,nz-l,n3+1)].

VIII) Arrival of one packet of all types with service completion of 0
to 2 packets from any type, [transitions from (n 1-1 n2-1 n —1),
(nl,nz-l,n3—1), (n1+1,n2e1,n3—1),(nl-l,nz,n -1), ( -1 n2+1 n,-1),
(nl-l,nz-l,n3), (nl-},nz-l,n3+1)].

Extending the above to the w-types case, single at max arrivals

and z at max departures, in R¥, we find 2w(z.w+1) transitions . into
(n Nyse-sn, ). More specifically we have w.w transitions if a packet from
any type arrives with service completion of a packet from any type, or

w.wl/[m! (w-m)!] trans1t1ons ifm packets form any type arrive. So we
have a total of w. 2 wl/[m! (w-m)!]=w. 2* transitions. Considering now
that can happen from 0 to z departures, we have 2% + z.w.2" = 2w(z.w+1)
total transitions.

3.2. Equations for three packet types

~ The general equation for the three packet types and for the one
arrival of packet of a type at max ina slot case is : T
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A
Pr{n,,n,,n,} = [
1°72°73 1,50 1,70 1,20 =1

3 (I.) 3 3
_P Ai ! )/( z ni_-z Ii+C)]'
5 3 = i=1 i=1

i=1
3 (2)
'kzl Hi .(nk+C-Ik).Pr{(N1-Il),(N2-12),(N3_13)}»y

n, if i#k

where Ni = "1+C if i=k

and Y is a coefficient of policy and Y(nl,nz,n3) =0 if ("1’"2’"3) 60
and Y(nl,nz,n3) =1 if ("1’"2’"3) € 0, where Q is the set of admissible

states.
nLt2
n3+1 3
n
3
n,-1
3
n2+2
n2+1
..... n2
n2"'1
o - 4D

Fig. 2. 32 states around ("1’"2’"3) from which can happen
transitions into it.

This shape of general equation, and with the use of policy's coef-
ficient, makes possible for that equation to be able to express any state
general or boundary, for any policy, exept for the state (0,0,0) and for
the seven states around it, that are common in any policy but we need
some special equations there, which must include the phenomenon that in
the (0,0,0) state there isn't any packet to be served, so zero packets
will be served under probability 1. So that there are some possible
transitions according to the paékets that could arrive, that there aren't
in other states anywhere in Q.
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So we have for Pr{0,0,0} = second part of general equation +
Ago)kéo)kgo).Pr{0,0,0}. Similar equations hold for the seven states
around (0,0,0) state.

3.3. General equation

The previous general equation for three packet types can be
extended to the case that §k packets of k type could arrive at max in a
slot, simply extending the limits of three first sums of one to Sk This
general equation for three packet classes can also be extended to the
case of w packet classes as follows :

51 S2 Sw 2 w (Ii) W W
Prin;sn,,....n } = ) ] ... Y JTIe Ay M ) n.- ) I1,+0)].
Il=0 IZ=0 Iw=0 =1 i=1 i=1 i=1

¥ Q)
.Y My ("k+c'1k)'Pr{(N1'Il)’°"(Ni-Ii)""’

(N,1)3.Y
N, if izk
where Ni = ni+g if i=k

4. THE METHOD

The construction of general'equations, (three customer types,
s maximum arrivals and z maximum departures) permits us to observe that
the system mgoves to‘Po, from Po’Pl"”Pn""Pz’ where Pn = [Pno""’
Pni""’an] is an one dimension array with the probabilities Prin,i,j}
for every admissible i,j. That observation leads us to perceive that

we are able to express Pz as a function of Po’Pl""’Pz’ SO we can write

= alo)p y A(1) (z)
Py= AP ARt PR

Generally speaking system is mooved to Rk—z only from Pk
P ’Pko

So is possible to express\_Pk as

-z-s’Pk-z-s+1""
k-z’-.

b - al0) (1)
Pk = Ak Pk + Ak Pk-l + ..

(z) (z+s) -
24K + Ak Pk-z t.od Ak Pk--z-s B

I
alllp

= Z .
1=0 Kk k-1
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That means that we can express every Pk in terms of P Pl’ sP 7-1

as follows :
_ (0) (1) (z) s
P, = Pyt APt H AR &
- (0)y-1,,(1) (z) s
P, = (I-A7) (Az Pyt e ¥ASP) &

- glz-1) (o)
P, =B, P, + ... +B,P

where Aio),..,Ail),...,Agz) are arrays of appropriate dimensions, and

1 -1 ,(z-1
Bi ) . (1-A§°)) .Aiz )

Now generally have

“1,,(1
Py = (a0 Hae, v e al@e e Azl ) -
= (1-al0)) [A(l)(B(O%PO ‘.. BEZII)PZ K

+ AI((Z)(B(°%P0 + ..o+ plzzlp )+

+ A(Z+S))B£°Z Po+ - +BEUp )7

- r(0) (z-1)
=B Pyt .+ BT

' +
where Béo) = (I-A'((o))'1 z§§ AﬁI)Bﬁgg
: zZ+s
< o g

So it is possible to express every Pr{i,j, kT} for the state (1,J,kI)
that belongs to the kI plane, (plane vertical to the kI point of k axis)
as a function of P Pl’ PZ 1 (array P contains Pr{i,j,0} for every
admissible i,j. Same holds for PI,P2 .). As a result we are able that
way to express every Pk as a function of P0 Pl’ . Pz 1°
of us1ng transition probabilities for every (i,j,k) state, exept for a
set of states 01 Ql set. contains all these states that have a distance

(in the korientation) that is smaller than z from the policy's surface.

That is a result



A.S. Drigas, E.N. Protonotarios

If we write now transition equations for all the states that belong to
01, we take a linear homogeneous equation system. The number of these

equations are the same as the number of states (i,j,k) for k=0. Substi-
tuting one of these equations with the normalization equation

Y ¥ T Prii,i,k} =1 with (i,j.k) 60,
i3 oK

we take a linear non homogeneous system of equations that can be solved.
(The description of the method is made for three customer types. For
more customer types an identical probcedure to this can be implemented).

-Once“we have calculated probabilities for every admissible state
of the system, we calculate performance characteristics which are
i?]iness = Pr{0,0,0}, Utilization = 1-Pr{0,0,0}, Rejection = g Prii,j,k}.

4
A
I

surface smaller than s. And finally throughput = 1-Rejection.

» where 03 is all the states which have a distance from pglicy's

5. CONCLUSION

The method that developed enables us to evaluate the performance
of all the bandwidth and buffer in a multiservice environment allocation
schemes, for three or more customer types, which give a coordinate convex
state diagram and to choose the better policy for any special allocation
scheme we need.
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